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ABSTRACT

The evolution problem 0 cdu/dr + A(t)u(t), u(s) = x, where the A(¢) are
nonlinear operators acting in a Banach space, is studied. Evolution operators
are constructed from the A(¢) under various assumptions. Basic properties of
these evolution operators are established and their relationship to the evolution
equation is determined. The results obtained extend several known existence
theorems and provide generalized solutions of the evolution equation in more
general cases.

Introduction

Let X be a Banach space and consider the initial value problem

dt

{d—u+A(t)u90, sSt£T
u(s) = x

ey

for an X-valued function u, where, for each t, A(t) is a nonlinear (and possibly

multivalued) operator. Suppose for the moment that the problem (1) has a unique

solution on [s,T] for every xe X and s in [0, T]. Defining the operator U(t,s)

by U(t,s)x = u(t), where u(t) is the solution of (1), we immediately obtain the

relations

(1) U(s,s)=1 (the identity operator), and U(t,s)U(s,r) = U(t,r) for 07
SsZt=T
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from the assumed uniqueness of solutions of (1). One also will have that U(t,s)x
is continuous in ¢ for fixed s and x under most definitions of a ‘‘solution”’ of (1).
Usually there is a stronger continuity present, namely:

(i) U(t,s)x is continuous in the pair (¢,s) on the triangle 0 <s <t < T.

A family of operators U(t, s) satisfying (i) and (ii) is called an evolution operator.
If the domain of each U(t,s) is a subset C of X (rather than X), then we will say U
is an evolution operator on C. If U arises from (1) as sketched above, we will
call it the evolution operator for the problem (1) or the evolution operator as-
sociated with A(t). The main goal of this work is to study various sets of conditions
on A(r) which are sufficient to guarantee that there is an evolution operator
associated (perhaps in a generalized sense) with A(f). Our assumptions will restrict
us to evolution operators U such that there is a number @ satisfying
(2) | Ut s)x — U, s)y | < e“’("S)”x -]
for 0<s<t<T and x,y in the domain of U.

If X is a Hilbert space, then one can actually characterize those operators A
which are independent of t and give rise to evolution operators U satisfying (2).
(Tn this case U(t,s) depends only on ¢t — s and so defines a semigroup.) See [20]
and [11]. Moreover, if X is a general Banach space, then the Hille-Yosida Theorem
(see, e.g., [13], [22]) provides a complete characterization in the linear t-in-
dependent case. However, no such characterization is known corresponding to
the case of linear t-dependent A(f). There are numerous sets of sufficient conditions
assuring the existence of an evolution operator associated with A(f) in the linear
case. A discussion of results of this type and references may be found in [22,
ch. XIV].

Some results are available for the quasi-autonomous case (i.e., equations of the
form (3) below) under the assumption that X* is uniformly convex. See [15] and
[3]. The paper [14] allows a more general t-dependence but requires uniform
convexity of X* and A(t) is assumed single-valued. See [6], [7] and [17] also.

Very little is known when X is not restricted and A(f) is nonlinear and t-
dependent. The case of continuous A(?) is treated in [16]. See [21] also. In this
work we will give conditions on A(t) guaranteeing the existence of an associated
evolution operator. These conditions will include as special cases many of those
used in the above quoted works. The arguments and results generalize those of

the paper [10] in which the autonomous case was treated. The operator U(t,s) is
constructed in Section 2 from the A(t) via a product formula and continuity
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properties of U(t,s) are studied. Section 3 is devoted to the solution of the initial
value problem (1). It is shown that U(t,s)x is a solution of (1) in the usual sense if
(1) has such a solution. Otherwise, U(t,s)x should be regarded as a generalized
solution. Section 4 deals with the convergence of a family U*(1,s) of evolution
operators when the corresponding A4%(t) are known to converge, in some sense,
as f— 0. These results are then used to approximate a given evolution operator
U(t, s) by means of differentiable evolution operators obtained by solving problems
which approximate (1). The results of this section generalize those of [5] for the
autonomous case. Section 5 deals with the quasi-autonomous case, i.e., the
problem

{%’:—+Auaf(t)

u(s)=x

3)

where A is t-independent. The existence theorems of Kato [14] are extended to
any reflexive Banach space. Generalized solutions of (3) are obtained for
feLY([0,T]: X) and arbitrary X by a straightforward extension of the ideas
of [1]. Section 6 is concerned with the problem

dt

{ du A(tu 30
u(0) =u(T)

The results obtained extend some work of Brezis in [3] concerning the quasi-
autonomous case in Hilbert space. Section 7 is devoted to a simple application of
our basic existence theorems to a concrete evolution problem in partialdifferential
equations.

1. Preliminaries on accretive sets

In this section we collect some basic definitions and elementary facts. Many of
the results are standard and appear in the existing literature. See, e.g. [10], [14],
[15] and [19].

Let X be a real Banach space with the norm “ H A subset 4 of X x X is in the
class «/(w) if for each A > 0 such that Aw < 1 and each pair [x;,y;]e 4, i=1,2,
we have

“ (x1 + Ay = (x; + 4y,) “ 2 (1 - o) ” Xy — X, “

A is called accretive if Ae/(0). If A is real, J; will denote the set (I + A4)~! and
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D, = D(J;)=R(I + 2A4). (D(J,) is the domain of J, and R(I + /A) is the range of
I + 24).

LemMA 1.1. Let w be real and Ae o/ (w). If A=0 and lw <1, then the
Sfollowing statements hold:
(i) J, is a function and for x,ye D,

|Jx =Ty | S =)~ x - y|.
(ii) If xe D, N D(A) we have

[ I — x| < M1 = Aw)~* inf Iyl
YeAdAx

(iii) If @ =20, n 2 1 is an integer and x € D(J3}), then
I3 = x| < n(1 = dw)="+1| Jpx = x|
(iv) If xeD, and A= >0, then

A=
—Z—x + —TEJ,lxeDu

and

(1.1) Jx=J, (%x + i;—“hx )

Equation (1.1) is called the resolvent identity or equation. A proof of Lemma 1.1
is given in [10, lemma 1.2]. For A, A satisfying the conditions of Lemma 1.1, 4,
will denote the function A~'(I — J,). Concerning A, we have:

LemMMa 1.2. Let Aesf(w), A>0, Aw < 1. Then the following statements
hold:
(i) If xeD; "D, and 0 < pu < A, then

(1= 2w) | 4x] (1 - po) | A,x]
(i) If x,ye D, then
H Ax — Ay ﬂ SAT 1+ - o)™ || X — y”
(iii) A e A(o(1 - Jw)™?)
(iv) If xeD,N D(A), then | A;x|| S(1 - Jw)~tinf, .| ¥ |-

Proor. The assertions (ii) and (iv) follow at once from Lemma 1.1 (i) and (ii)
respectively. To prove (i), we use Lemma 1.1 (iv) and (i) to conclude
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I

[Aaxl = 27 = x| 2 27 = x| + [ Jox = Tix])

A

Al el g e = (e + 25 )|

|

x—Jx

A

IIA

Al + 5t - o]

-
Lol A ] + 55 - o) ).

Rearranging this inequality yields (i). To obtain (iii), let p = 0. Lemma 1.1 (i)
implies

=yt =) = (1 +5)@-0 - Lwa-am)

1%

(15 x2S

((1+%) - (&)a- )1~y

= (1-po(l—iv)™") le -y

v

b

and the proof is complete.
The notions in the next definition are introduced and studied in [9].

DerNITION 1.1, Let Aeo/(w) and set 2 = U, (No<s<xD2)-
For x e set

(1.2) | Ax| = lim || 4,x].
ato
If 2 2 D(A4), then
(1.3) D(A)z{xe@:leI <00},

We allow the possibility that |Ax ] = oo, Lemma 1.2 (i) then guarantees that
the limit (1.2) exists if x 2. The set D(A) is an extension of the domain of A, since
Lemma 1.2 (iv) shows | Ax| < 0 if xe D(4) N 9. If D, =X for small positive A
and X is reflexive, then D(4) = D(A4) and | Ax| =inf,_, [ v | for x e D(4). This
is not the case in general. See [9] and [18], In view of Lemma 1.2, we have:

LeMMA 1.3, Let Ae A (w),% =2 D(A), A>0and Aw < 1. Then

6)) N 4:x|| (1 - Aw)=1| Ax| for xe D, NP
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and

(ii) |Ax| £ inf | y| for xeD(4).

The only other fact we need concerning |Ax| is:

Lemva 1.4. Let x,eD, for n=1,2,---and 0<)i< % Let x, > x,€D, as
n— 0. Then IAxO] gliminf,,_.m]Ax,,l. In particular, ifIAx,,] is bounded, then
Xo ED(A)

PrROOF: || Ao | S || x| + || Aix, — Aixo|

< (1 —Ao)~t|Ax,|+A-1(1+ (1 = Ao)~ | x,—x, |

where we used Lemma 1.2 (ii) and Lemma 1.3 (). The result follows upon letting
n— oo and then 40.

2. Existence and properties of the evolution operator

In this section we construct the evolution operator U(t,s) associated with a one
parameter family A(f) of /(w) operators (sets) and establish its main properties.
Throughout this section T, o denote real numbers, T > 0, and A(1) satisfies

(A.1) AN eA(w) for0<t<T.
(A.2) D(A(t)) = D is independent of t. (We choose, e.g., D = D(A(0))).

(A3) RU+AA(1)>D for0<t<Tand 0< <4, where 23>0

and A, < 1.
Let J,(t) = (I + 2A(t))~!. The t-dependence of A(t) will be restricted by one of

the following two conditions:
(C.1) There is a continuous function f: [0, 7] » X and a monotone increasing
function L: [0, 00) — [0, c0) such that

[7:0x = Jyx | 2| f® = f@ | L x|) for 0< A <2,

eAY) 0<t,t<T and xeD.

(C.2) There is a continuous function f:[0,T]— X which is of bounded
variation on [0,T], and a monotone increasing function L: [0, c0) — [0, )
such that

22 [ 7:0% = 2@)x | £ 2] 70 = f@ | L(| x (L +] AD)x )

for 0 <A<y, 02t,7<T and xeD. (f is of bounded variation on [0, T] if
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there is a constant V such that X7=} n ft) = f(t) H <V whenever 0 <t
S £ St,sT).

It follows from the conditions (A.1) to (A.3) that for each fixed 7, 0 <t £ T,
there is a semigroup S.(f) on D associated with A(t). See [10]. The condition
(C.1) assumes only continuity of f and corresponds roughly to the case in which
A(?) has the form A(0) + B(#), where B(t)x is well-behaved in x. In particular,
taking B(f)x to be independent of x, we can treat the quasi-autonomous case in
adequate generality. See Section 5 below. Condition (C.2) adds the requirement
that f be of bounded variation, but weakens (2.1) to (2.2). Choosing f(¢) = tx,
for some x5e X, xo #0, (C.2) becomes a Lipschitz continuity condition which
is implied by some assumptions used in the study of linear evolution equations,
This special case was also treated by Kato in [ 14] under the additional assumptions
that X* is uniformly convex and A(f) is single-valued.

An immediate consequence of either (C.1) or (C.2) is that D(A(?)) is independent
of t. More precisely, dividing (2.1) by 4 and letting A | 0 we see that

(2.3) | A= | <] A@)x | + | £ = @ | L(]| x |,
while treating (2.2) similarly yields
(2.4) |A(x | < | A@x| + | £ = f@ | L x DA + | Am)x ])

for 0<t, t< Tand xeD. We set D =D(A(t)) for 0<t < T.
The main result of this section is the following theorem.

THEOREM 2.1. Let A(t) satisfy (A.1), (A.2) and (A.3). If either (C.1) or (C.2)
hold, then

2.5) Ult,s)x = lim ﬁJ(,_s),,,(s+i(t =2 ))x

n*w i=1

exists for xe D and 0 < s <t £ T. The U(t,s) defined by (2.5) for 0Ss<t£T
and by the identity for 0 <s=1t < T is an evolution operator on D. Moreover,

(2.6) “ U(t,s)x — U(t,s)y “ < e“’(’_s)ﬂ xX—y M

for0<s,t < T and x,yeD.
We use the conventions [[{=; T;=T;, [[i2} Ti= Tis([[i=; T) ifk = j and
¥ ;T;=identy if k<j, where {T;} is any collection of functions. The proof
of Theorem 2.1 is based on a technique of [10, appendix to sec. 1]. More precise
information concerning the continuity properties of U(t,s) is collected in the
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course of proving Theorem 2.1 and will be stated in Propositions 2.1, 2.2 and 2.3.
Three lemmas precede the main arguments.

LEMMA 2.1. Letn = m > 0 be integers and a, B be positive numbers satisfying
o+ f=1. Then

(N)) z <]’.1)ocjﬂ"'f(m — ) £ [(no — m)* + naf]*
and
(2.8) ; :Em (r{l__ll)ocmﬁj""(n - [—'g—}— + (i;lﬂ +m-— n)zr.

See [10, lemma 1.4] for a proof of Lemma 2.1.

DerINITION 2.1. For xeD let
M(x) = sup [A(t)x].
0St<T

It follows directly from (2.3) and (2.4) that if either (C.1) or (C.2) hold, then
M(x) < oo for every xeD.

LEMMA 2.2. There exists a constant K depending only on T, A, and w such
that if xeD,120,0<s; < Tfori=1,2,--,1,0 <A <1, and Al £ T, then

(2.9) “ I:I Ti(s)x — x “ < K1 M(x).

Proor.

1

(iI:[k JiGs)x = ] Jl(si)x)U

i=k+1

11 2opx — x| =] 2

k=1

™M=

S

(1 = Aw) 1| As)x| £ N1AM(x)
k

]

where N = max {(1 — 20)™’: 0 £j < I} and we used Lemma 1.1 (i), Lemma 1.3 (ii)
and the definition of 4,. If ® £ 0, we take K =12 N. If @ =0, we use the ele-
mentary estimate

(1*7)_"§exp(lm’y)f0rn20, 0<y<1
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to obtain

IAw Tw
= (1 — ~l< < %
(2.10) N=(1-iw)" Lexp (1 P ) <exp (1 — ),

and set K = exp(Tw /(1 — A,0)).

Throughout the rest of this paper we will use the following notation
k
(2.11) Pu(s)x= T Jis+id)x.
i=1

When there is no danger of confusion we will write P, , instead of P,,,(s)x.

Lemma 2.3, Let (C.2) hold and x € D. Then there is a constant C depending
l, M(x), A9, @ and T such that

only on H X
(2.12) M(P, ()x)=C
whenever 0 <A <40, 120,05s<T—IA
ProoF. Set q; = | A(s + jA)P, (s)x | Since Ay(s + jAP;,;-1 € A(s + jAP;,; we
have, by Lemma 1.3 (i), (ii) and (2.4)
a; = | AGs + 0P ;| S | Ais +iDP o1 | S = 40) | Als + jAPs s 1 |
< (1= o) Y| A(s + (j = DDP;- |
+ | fs+iD) = f(s + G = DO L Paj-1 DA + | AG + G = DHP ;-4 )}

< (1-iw)Ya;-, +b;(1 +a;-1))
where
(2.13) by = || f(s + %) = f(s + (G — DA | L(| x| + KTM(x))

and we used Lemma 2.2 to estimate | Py,;||. Setting d; =(1 — 2w)~1b; and
¢;=(1 — Ao)~'(1 + by), we have the recursive estimate

(2.14) ajéc_iaj_I‘*'dj.
Now (2.14) implies

IA

a, (;1:_[1 ci)ao + IZ ( f] c,-)dj.

Jj=1 \i=j+1

Tt suffices to treat the case @ = 0. Recalling the definition of d; and ¢; and using

1 1 I
[ a+bysexn(Z o) en( 2 ),
i=j i=j i=1
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we obtain

l i
(2.15) a,g(l—m)"exp( ) b,) {ao + X bi}.
i=1

i=1

Next, ag < M(x) and if V is the variation of f over [0, T], then (2.13) gives

‘M...

[

by S VL(| x| + KTM(x)).

i=

Thus (2.15) provides a bound on g,. Finally, ]A(t)P“(s)x[ is easily estimated in
terms of a; = , A(s + lA)PA,,(s)x[ via (2.4). The proof is complete.
Let f(¢) be the function introduced in the conditions (C.1) and (C.2) and

(2.16) p(r) =sup{| f() = f(x)|: 01,1 S Tand [t — 1| <71},

i.e., p is the modulus of continuity of f on [0, T]. Clearly, p: [0, ) — [0, p(T)] is
nondecreasing, lim,_, p(r) = p(0) =0, and p is subadditive, i.e., p(r + s) < p(r)
+ p(s) for r,s = 0.

PrROOF OF THEOREM 2.1. LetxeD and 1,2 A2 p>0. Set ;= | Py,(s)x
— P, (s)x “ where k,120. We have, for k121, a,= ” Ji(s + kAP, 44
—Js + WPy | S [ Tils + kDP ey — J(s + kDP, -y | + [ Jls+KDP,—,
— Ju(s+ 1P, ;—; |. Using Lemma 1.1 and the resolvent identity we obtain

I J2(s + kP g — T (s + kAP, 1 |

1 —
J(s+ k%) ( Piy—1 + ) ng(S + kfl)Pz.k—l) = J(s+ kWP, ;_,

IIA

i—
(1 — pow)” [l Ap—1.1-1 +_i'l'lak,l—1i|-

Hence for k,1 = 1 we have
(2.17) A1 S 0 q,1—1 + B1Gii-1 1 by

where
ay =l —pw)™h, By =Pl —pw) ', a=pld, B=(A—p/A

and

(2.18) By = || Ju(s + I)Pui—1 = J (s + kP, 14 |-
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It is proved in Appendix 1 that (2.17) implies

(m—1)An . . (n n . i—1
n=— ) mpi—m
Ay = X B 1“1( -)am-—i.o + X2 off; (m— 1 )ao,n-—,-
i=0

l i=m

n—=1 (m=1)Aj 1 ]
+ 2 3 A (4 ) buciaey

j=0

where | A k = min (1, k), (Jz ) is the binomial coefficient and m, n = 0. It follows

from Lemma 2.2 that

ay, S KluM(x).

a5,e < KIAM(x)
(2.20) {

Using (2.19), (2.20) and Lemma 2.1 we deduce

Opn S KM(x) {[(npp — mAY* + np(A — w)]
(2.21)

n—=1 (m—=1)Aj . .
+ = +mi =0+ T2 A (bacis

i=0 i=0

where K depends only on T, o and A,, while m, n are restricted by ml, nu < T—s.
We next obtain estimates on the b, ; under assumptions (C.1) and (C.2). If (C.2)
holds, then (2.2) implies

by, “ Jus + 1P, = J (s + kAP, ;_, H

w]| £(s + 1) = £(s + k) | L( Pu=1 ) (1 + | ACs + kAP, 1=, .

1A

Next, Lemma 2.2 provides a bound on ﬂ Py H and Lemma 2.3 provides one for
[ A(s + k2P, ,_; | Therefore there is a K (we use K to denote various constants)
such that

2.22) bes S Kul (s + i) ~ (s + kA)].

An estimate of the form (2.22) will also hold under (C.1) instead of (C.2). The
argument is similar to the above, but requires only Lemma 2.2. It follows that
under either (C.1) or (C.2) we have a constant K such that
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n—1 (m—=1)Aj .
T2 A (] )bueians
i=0 i

i=0
n—1 (m—1)aj . . .
s K-y (27 X gl (1) —u - (m—i ]
(223) i=0 i=0
< Kt — o) [ = )

n—1 (m—1)Aj .y J o ]
rZoZop a(i)p(lw i) -

The first inequality in (2.23) employed (2.22) and the definitions of «,, B, and p.
The second inequality used the subadditivity of p and the estimate

(m=1)Aj
Z ﬁ) i t( ) <1

i=0
Next let 6 > 0 be given. Write
n—1 (m—1)Aj

z X B’”( )P(|JH i) =1 +1,
J=0

where I, is the sum over indices such that [ ju—il f < ¢, while I, is the sum over
indices satisfying [ ju— il] = 6. Clearly I, < np(d), while

IA

L <M T Zﬁ’”( )(_fﬂ_éz@L

j=0 i=0

D — 1y =y < 2D i~

since (ju — i4)? /6% = 1 for indices corresponding to I,.

Therefore,
=1 (m—1)Aj . Y
Y ’1_‘06’1({ )b,,, in—j
j=0 =0 l
(2.24)

p(

< K(1 - pw) "nulp(|

for all § > 0. Combining (2.21) and (2.24) we obtain the existence of a K such that

A £ K{[(n — mA)* + np(4 — w)]*
(2.25)

+ [(nu — mA)? + mA(A — w1* + npp(|np — m2|) + npp(5)

7322
+ (=)
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where a review of the estimates shows K can be taken to depend only on | x |,
M(x), p(T), w, Ay and T. We can choose, e.g., 6> = \/(/l — ) and read off from
(2.25) that a,,,, as a function of m, n, u and A, tends to zero as | np — mA|~0
and n, m - oo, subject to n, m =1, 0 <nu, mA < T — s, and that this limit is
uniform in s. It follows that
U(s + 17,5)x = lim ﬁ s +il)x, xeD
m—ow i=1

exists if {4,} is a sequence such that 0 < mi, < T—s, ml,—> 1 as m— o0 and
that the limit is uniform in s and independent of {4,}. Since [[i=1 Jt—sym
(s +i(t—s)/n) has (1 —w(t—s)/n)~" as a Lipschitz constant on D, and
(1 —w(t—s)/ny ™ - e®“ ™ as n— oo, it follows that the limit defining U(t,s)

exists for every xeD uniformly on 0 <s <t < T, and that
lU,s)x - Ut s)y|| €9 x -y [

for x, y e D. This concludes the proof of the existence of U(t,s) and the estimate
(2.6). It remains to verify the properties of an evolution operator.
Let0<r<T,1,t>0andr+1+t < T. Choose a sequence {k(n)} of integers

such that k(n)t/n <7 and k(n)t/n—>7as n— . Then
k(n) n (n+k(n))

[T Jyur +t+it/m) TT Julr +it/n)x = [1  Joplr +it/n)x.
i=1 i=1 i=1

Now (n + k(n))(t/n)—t + 7, and the uniform Lipschitz continuity and strong
convergence of the operators involved allows us to take the limit as n — co and

conclude
Ur+t+t,r+0U0F+,)x=U@F+t+1, 17X
for xeD and r, t, 7 as above, thus verifying the defining identity for evolution

operators.
The continuity of U(t,s) in (¢,5) is established in the next propositions.

PROPOSITION 2.1. Let x €D and either (C.1) or (C.2) hold. Let p be given by
(2.16) and not be identically zero. Then there is a constant K such that

(2.26) lU(t,5)x — U(z,s)x || < Kp(|t — 1))
Jor 0<s£t,1< T

PrOOF. Let A =(t/m), p=(t/n) in (2.25) and take the limit as n,m—co.
This yields
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| Ut 9)x — Ur,)x || < K(|t — o] + p([t — <) + p(6))
for a suitable constant K and any 4 > 0. Letting ¢ tend to zero we find
| Ut s)x = UGr,9)x | S K(|t — 1| + p(|t = 7))

Since p is continuous, subadditive and p(0) = 0, there is a constant ¢ such that
r < cp(r) unless p = 0. The result follows at once.

REMARK. Proposition 2.1 shows that U(t,s)x inherits exactly the continuity
in ¢ assumed for the Jy(¢) if xeD.

ProposITION 2.2. Let xeD and either (C.1) or (C.2) hold. Then there is a
constant K such that

(2.27) [UG+7,5% — U@ +7,0x | < Kp(|r - s
if0<tand0<s,r,s+1,r+7=T.

ProOF. Let q, =

| Poa(s)x — P, 4(r)x | Then
@y = || Ji(s + kAP iy (5)x = Jy(r + k)P 4y (x|
[ J:(s + kAP, - 1(8)x = Ty(r + kAP, 1(s)x |
+ || Jir + KDP - 1(8)x — Jo(r + kAP y(1)x |
< le(ls — r,) +(1 - w)~ta,_,

IA

for a suitable constant C, where the first term was estimated by means of either
(2.1) or (2.2) in conjunction with Lemma 2.3. Since a, = 0 this implies

a, £ 2Cp(|s —r|) (%l (1 - o)™} ) <nKp(|s—r|)

where K = C for  £0 and K = C exp (To/(1 — 2,w)) if © > 0. Substituting
A =1/n and letting n — oo, we obtain the result.

CoRrOLLARY 2.1. Let(C.1) or (C.2) hold and x € D. Then U(t,s)x is continuous
in (t,5) on the triangle 0 S s<t<T.

ProOF. In view of (2.6) it is enough to establish the result for xe D. If xe D,
then f(t,s) = U(s + 7,s)x is continuous in t uniformly in s by (2.26) and con-
tinuous in s uniformly in 7 by (2.27), and the Corollary follows at once.

Corollary 2.1 completes the proof of Theorem 2.1. We conclude this section
with some remarks concerning the case (C.2) and the rate at which P, ; converges
to U(t,s). First we note that Proposition 2.1 can be strengthened if (C.2) holds.
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ProPOSITION 2.3. Let (C.2) hold and xeD. Then there exists a constant C

such that

(2.28) n U(t,s)x ~ U(z,s)x H < C| t— r[.

for0Ls,t&T.

Proor. Assume ¢ > 7 and let n and m be the greatest integers in ¢/ and 7/
respectively, where 0 < 1 < 4,. According to Lemma 2.2 we have

[ Pasto)x = Prntore | = T s+ iDPin — Pan] S dn ~ mKM(P ).

Lemma 2.3 provides a bound on M(P; ,), so the result follows upon letting A tend
to zero.

ProPOSITION 2.4, Let (C.2) hold. Then U(t,s):D—D for 0<s <t<T.

ProoF. U(t,s)x =lim,_ , P,_gm.(s)x and Lemma 2.3 provides a bound on
M(P;— g n(5)x) for x e D. The result follows at once from Lemma 1.4.

REMARK 2.1. The requirement that f be of bounded variation in (C.2) is used
only to prove Lemma 2.3. All our results remain true and have the same proofs
if one assumes Lemma 2.3, or any condition which implies it, and only continuity
of f. If we are willing to give up Proposition 2.3, (C.2) could be changed to require
only that for each x e D there is a continuous f, such that

” TP, ()% — J(DP, i (s)x ” p A’”fx(t) v AG) "

for suitable 4, t, 1, s, k. In particular, our assumptions can be localized.

PROPOSITION 2.5. Let the assumptions of Theorem 2.1 hold and xeD. Then

”U(t,s)x - iﬁ Jt=s)im (S + i(t—s) )x“

(2.29) m

< K(t-s) (T/lnT (- s)/m*)) .

where K depends only on H x|

’ M(X), p(T)a @, A’O and T.

ProoOF. Substitute p=(t—s)/m, A=(t—s)/n in (2.25) and let n—> .
Then take 6% = (t — 5)?//m to obtain the result.

REMARK 2.2, The estimate (2.29) can be sharpened in the special case of
Holder continuous f, i.e. p(r) < comst. %, 0 <a <1, to
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"U(t,s)x - ,f[l Tmsyjm (s+ = S))x" <K(t—5s) (_1_ +(iﬂ).

m Jm m/2)

3. The evolution equation

In this section we consider the Cauchy problem

3.1) { %t“-(t) + A(Du(f)30
u(s) = x.
A function u: [5,T] — X is called a strong solution of (3.1) on [s, T] if:
(i) u is continuous on [s, T] and u(s) = x,
(i) u is absolutely continuous on compact subsets of (s, T),
(iii) u is differentiable a.e. on (s, T) and satisfies (3.1) a.e.

The evolution operator U(t,s) we constructed in Section 2 is intimately related
to the solutions of (3.1). We will prove that if (3.1) has a strong solution u(?),
then u(f) = U(t,s)x. Furthermore, we will give various conditions under which
U(t,s)x is a strong solution of (3.1) provided it is differentiable a.e. Finally we
obtain an existence theorem for strong solutions of (3.1) by noting that in certain
cases U(t,s)x is differentiable a.e. The conditions (A.1)-(A.3) of Section 2 are
assumed to hold throughout this section.

THEOREM' 3.1. Let u(t) be a strong solution of the initial value problem (3.1)
on [s,T]. Let (C.1) or (C.2) hold. Then U(t,s)x =u(t) for 0<s £t < T.

Proor. Using the definition of a strong solution of (3.1) and the continuity of
U(1,s)x, we easily reduce to the case where u is absolutely continuous on [s, T]
and xeD. For simplicity, we also assume s=0. For each &¢>0 we define
u,:[0,T] > X by

ft/e]

u () =[] Jiehx
i=0

where [t /¢] is the greatest integer in ¢ /e. Then u,(t) is a step function which solves
the approximate problem

{OeLt)’_“;(t__ﬂ + A([t/e]le)u ) for =0

ut)=x for 0>t
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More compactly, we have

{us(t) =J([t/e]le)u(t —¢e) for t=0

(3:2) u(t)=x for 0>1t.

From the definition of u(f) and the proof of Theorem 2.1 it follows
(3.3) lim || u(f) ~ U(t,0)x || =0
el0

uniformly for 0 <t £ T. Next we set u(f) = x for 0 >t and

u(t) —u(t —¢) ae.

ge(t) = - u,(t) + P
Since u is a strong solution of (3.1)
(3.4) u(t) = J () (u(t — &) + eg(1)

a.e. on [0, T'] and, since u is absolutely continuous on [0, T],

(3.5) im J [ 25)] ds = 0.
From (3.2) and (3.3) we have
lud® —u@®| = | Tt /et — &) — T () (ult — &) + g (1) |
< | J(ut =) = T - &) | + el — )| g1)
+ [ 1(Ou(t = &) = ([t /e)eyu(t — o) |
(1 — o)~ 1(|ult — &) — u(t — &) | + ¢ g.(O]) + e K p(t — [t /e]e)

a.e. on [0, T]. Here we used either (C.1) or (C.2) in ccnjuncticn with Temrra 2.
Integrating this last inequality over [0, ] and rearranging we find

A

1/e J-_ ” u(s) — u(s) “ ds

)
Il )

L H u s —e) — u(s — ¢) ” ds + (1 —ew)~? L H 24s) H ds + Ktp(e).
Letting ¢ > 0 and using (3.3) and (3.4) gives
|U,0x —un)] £ J t | U(s,00x — u(s) | ds

0

for 0 < ¢t < T, which implies U(t,0)x = u(t) for 0 <t £ T. The proof is complete.
Next we want to relate (d /dt) U(t, s)x, whenever it exists, to A(U(t, s)x. This is
done under several different hypotheses. We begin with a rather tecknical result.
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THEOREM 3.2. Let A(t) satisfy the conditions of Theorem 2.1. Moreover, let:
(i) A(?) be a closed subset of X x X for 0t T.
and

(ii) For every t,,0 Sty < T, and [xy,y0] € A(ty) there exists a continuous
function y(t) on some interval [to,to + 8], 6 >0, such that y(t)) =y, and
y(tye A(Dxq for ty St <ty + 6.

If xeD and the (two-sided) derivative d[dt U(t,s)x exists at some point
(t,5), 0<s<t<T, then U(t,s)x e D(A(t)) and

0e 7?7 U(t,s)x + A() U(t,s)x.

ProOF. Let F(x)={x*eX*: (x,x*) = x|? = x*|*}, where (x,x*) denotes
the value of x*e X* at xe X, and
(¥, %) = sup{(y, x*): x* € F(x)} = max {(y,x*): x* € F(x)}.

It is known that
) . 1
200, = lim xves =]l = inf L(xrer]t -]
el0 e>0 ¢

from which it follows that the map [y,x] - {y,x), is upper semicontinuous in
the pair [ y,x] (and Lipschitz continuous in y for fixed x). Another simple proof is
given in [10]. It is also known that A € &/(w) is equivalent to the condition that
(Y1 = Var X1 — Xp0s = — w”xl — X, ”2 for each pair [x;,y;]e 4. See [14] for a
proof in the case w = 0. Now, let 0 < t, < T, [xo, Vo] € A(to) and [x,, ¥(t)] € A(?)
such that y(t,) = y, and y(f) is continuonus. By definition of J; we have
A=Y (x — Jy(Dx)e A(D) T (Dx, so
AN (Pp-1(t0)z — Pyulto)z) € A(to + kA) Py i(to)z

for every zeD and 0 <1 < A, Since A(ty, + k2)e /(w) there exists n* e F(X,
— P, .(to)z) such that:

(V(to + kA) — A= (Pyjey1 — Pri)n®) 2 — @ H Xo — P;, “2
and since #* e F(x, — P,,,), this implies
At + kA + o(xo — Py i), Xo — Pyyds 2 /1_1(” Xo— Py ”2
= (xo = Ppa_1sn*)) 2 /1_1(| Xo — Py “2 - “ Xo — Py -1 “ ” Xo — P}.,k”)
2 (%/1)(” Xo— Py “2 - ” Xo— Pip-1 "2)

for k=1,2,---,[t/A]. Summing over k, 1 £ k <[t/A], we obtain
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[t/2]

(3.6) 24 X (Yt + kA + axg — Py ), Xo — Py
k=

1
2 | xo = Prgym|* = | %o — 2] %

(3.6) may be restated as

[t/AA
3.7 2 L H@dr 2 | xg = Prgyal® = | %0 — 2>
Moreover, the upper semicontinuity of <, >, and Py ;= Uty + 7,10)z as
A1 0 imply

lim sup fy(7) £ {Y(to + 1) + @(xo — Uty + 7,20)2), Xo — U(z + t5, 15)2);
110

where the right-hand side is upper semicontinuous and therefore integrable.
Thus, letting 2 0 in (3.7) and dividing by ¢ we find

1 t
3 Jo Ot + 1) + w(xe — Uty + 7,10)2), X — U(ty + 1,20)2),dt

1
21

3.8)

2

(50 = U+ to 10 = g = 27 2 (F= I E 00 )

for all £* e F(x, — z), where the second inequality is obvious. Now assume the
right derivative

D+ U(tr S)x lt=tg = D+ U(t’ tO)U(ths)x |t=to
exists. Let z = U(ty,s)x in (3.8) and let ¢} 0 to obtain
Yo + o(x0 — Ulto,5)x), xo — Ulto, $)xDs 2 ( — D, U(to,5)x,*)

for every &* € F(x, — U(t,,5)x). In view of the arbitrary choice of [x,, yo] € A(to),
it follows that

(3.9 A(to) U{[U(to,5)x, — D, Ul(ty,$)x]} € A(w).
If the two-sided derivative d /dt U(t,s)x ],=,0 = y exists, we have
(3.10) U(t, — h,s)x = U(ty,5)x — hy + o(h)
as h— 0. Since y = D, U(t,,5)x, (3.9) and (3.10) imply

xp = J(t)(U(tg — h,5)x) = U(to,5)x + o(h)
and

Uty — h,s)x — Jy(to) Uty — h,s)x
yh = h =

-y +o(1)
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as hl0. But [x,y.]eA(ty), x,— U(ty,s)x,y,— — y, and the closedness of
A(ty) then imply [U(t,,s), — y] € A(t,) and the proof is complete.

ReMARK 3.1. The inequality (3.8) is a generalization of a result of [2] for X*
uniformly convex and A4 independent of ¢. This was extended to general X in [10].
Here we have used the idea of proof of [18].

REMARK 3.2. It is clear that the proof of Theorem 3.2 goes through if one
only requires that

t
lim —I—J “y(s+r)——y0“dr=0
o b Jo

rather than condition (ii) of the theorem.
The conclusion of Theorem 3.2 can be established without requiring the condi-
tion (ii) in the following case:

THEOREM 3.3. Let each A(t) be a closed subset of X x X and xeD. If (C.1)
holds or xe D and (C.2) holds, then the assertions of Theorem 3.2 concerning
U(t,s)x remain true.

PrROOF. Let S (f) be the semigroup on D generated by A(7), i.e.,

S(t) = lim (1 + %—A(r))_n.

The existence of S(t) follows at once from Theorem 2.1 and was first proved in
[10]. We estimate “ U(r + h,t)x — S(h)x ” in the next lemma.,

Lemma 3.1. If xeD and (C.1) holds or x € D and (C.2) holds, then

lig LSdx = UG+ hox] _ o
hlO h

for 051t <T.
PROOF. Let g, = || P, (t)x ~ J¥(x) x| Then

a = n Tt +kDP; o 1x ~ J3(T) X n = " St + kAP, 1 — J{(DP; k-1 ”
(3.12)
+ [ Ti@Pis = Ti@) x| £ 2Kp(k2) + (1 — Aw)~ gy
Here we used (C.1) or Lemma 2.3 together with (C.2). Solving (3.12) gives, since
g = 0,

4 < K(1—Jo)" 3 p(ik) < K(1 ~ Jo)~"np(ni).
k=1
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Let n =[h/A] as 1} 0 to obtain
“ U(t + h,7)x — S (h)x || < K hp(h).

The proof of the lemma is complete. We return to the proof of the theorem.
Note that the “‘family’’ of operators A!(t) = A(t,) for 0 £t < T satisfies the
assumptions of Theorem 3.2. According to the proof of that theorem, A(t,) U
{[S,.(0x, — D, S, ()x]} is in o/(w) if the right derivative exists. By Lemma 3.1
we have D.S,(0z],-0 = D,U(t,t0)z|,=,, provided ze D and (C.1) holds or
zeD and (C.2) holds. Set z = U(t,,s)x (and recall Prop. 2.4), so that we have

A(to) U {[S,(0)z, = DS, ()z | 1=0]}
= A(to) V{[U(ty,5)x, — D U(ty,5)x]} € A(@).

The last argument in the proof of Theorem 3.3 can now be repeated here, and the
proof is complete.

We conclude this section with an existence theorem providing strong solutions
of (3.1) and some remarks.

THEOREM 3.4. Let X be a reflexive Banach space and A(t) be closed for each
t, 0St<T. Let (C.2) hold. Then for every xeD and 0 <s < T the initial
value problem (3.1) has a unique solution u(t) given by

u(t) = U(t,5)x = lim kfjl (1 + t——_'—;—sA(s + kf—;—f))—lx.

n- o

Moreover, u(t)e D for st < T.

Proor. Proposition 2.3 shows that U(t,s)x is Lipschitz continuous in ¢ and is
therefore absolutely continuous. Since X is reflexive, U(t,s)x is differentiable a.e.
on [s,T]. It follows immediately from Theorem 3.3 that U(t,s)x is a strong
solution of (3.1) and uniqueness is evident from Theorem 3.1. The proof is
complete.

ReMARK 3.3. Theorem 3.4 and its proof remain valid if the condition that X
be reflexive is weakened to the condition that X-valued Lipschitz continuous
functions of ¢ are ditferentiable a.e. For example, this is the case for X = 1,.

Theorem 3.4 is a generalization of the results of Kato [14] for the case of
single-valued A(f), uniformly convex X*, and || f(t) — f(z)| = |t — 7| and @ =0.
We relate our (C.2) to Kato’s continuity assumption below.

LemMa 3.2. Let A(t) be single-valued and satisfy (A.1) and (A.3) and
D(A(1)) = D be independent of t. If



78 M. G. CRANDALL AND A. PAZY Israel J. Math,,

(3.13) | A(t)x — Amx || £ |t — | L(| x D + | A@)x])
forxeDand 0L 1,t £ T, then
(3.14) [J:0x = Li@x | £ At — 7| Ly x| + ]| A(Dx])

forxeD,0<1<1,)lw<%,and 0<t, 1 < T, where Li(r) = 4L(K(r + 1)) for a
suitable K. Moreover, if X* is uniformly convex, and R(I + AA())= X for
0<Ai<ly, 0Lt ET, then (3.14) implies (3.13) with L=L,.

Proor. Assume A(f) is single-valued and that (3.13) holds. Then, if xeD,
lrmx = x| = || TDU + AW (D)x — T + AAD) I(1)x |
< (1= i) (T + 240 T4()x — (I + AA@) T (0)x |

= X1 — do)~* | AT (1)x — A(1) (x|
(3.15)
< 2|t — 7| L(| J()x )1 + || A@) (o) |)

< 2|t = | L(| L(ox D + (1 = dw) = A()x ).
< 4hft— 1| L(| x| A + | 4@x )
Now let y e D be fixed. Then
17:@)x = y | = | x = T + A4@)y |
<A —20)7 | x =+ M@ | 2| x| + [y ] + 2] 4@ ).

Since | A(x)y | is bounded for 0 <t < T by (3.13), |J(®x| < K(|x| + 1) :for
some K, 0 < 4 < 1. Thus (3.13) implies (3.14). On the other hand, (3.14) implies

| 4x0x — A(Ox | = [ 271 = (%) = A7 (x = J(o)) |
< |t =Ly x DA + [ 40x)).

If X* is uniformly convex, A(t) € #/(w), A(t) is single-valued and R(I + 24(f)) = X
for small 2> 0, and x e D(4), then A,(t)x converges weakly to A(f)x as 210,
Moreover | A()x | = | A@)x| for x € D(A). Hence, letting 1] 0 above,

| A(f)x — A(D)x| < linliionf | 4% — Ax@x || < [t~ | Ly(| x DA + || A@)x ).

The proof is complete.

ReMARK 3.4, If X and X* are uniformly convex, Theorem 3.4 can be strength-
ened. In this case, it follows from the assumptions of Theorem 3.4 that
D(A(t)) =D for 0 <t £ T, and if x e D then the set A(#)x has a unique element



Vol. 11, 1972 EVOLUTION EQUATIONS 79

A(1)°x such that || A(f)°x || = | A(t)x|. The solution u(1) of the initial-value problem
(3.1) is everywhere differentiable from the right and

D u(®) + AN)°u(t)=0 s=<t=T
{u(s) = X.

See also [17].

4. Approximation and continuous dependence of evolution eperators

For each f, 0 < f < 1, let A%(¢) be a family of /(o) sets satisfying the assump-
tions of Theorem 2.1 and let U%(t,s) be the corresponding evolution operators.
Suppose A%(f) > A°(t) (in some sense) as f— 0. One expects that U%(z,s) will
converge to U°(¢,s). Our first result, Theorem 4.1, shows this is indeed the case
under certain weak conditions. This theorem extends a result of Brezis and Pazy [5]
in the t-independent case. Using Theorem 4.1, we show that an evolution operator
provided by Theorem 2.1 can be written as the limit of C* evolution operators
U”(t,s) obtained by Yosida’s type of approximation. We drop the index g if
B =0 below, e.g., A°(t) = A(1), U°(t,s) = U(s,s) etc.

THEOREM 4.1. Let AP(t) satisfy the assumptions of Theorem 2.1 uniformly in
B, 0 B <1 (i.e., we may take the same w, Ay, T, f, L for each Aﬁ(t)). Let
D, = D(AX0)), JX1) = (I + A4%(1))™" and assume
4.1) lim J8(t)x = J,()x for xe Q,0 <A<y, 0St<T

810

where Q = (N5 420Dp) ND, D = D(A(0)). Let U%(t,s) be the evolution operator
on Dy associated with A%t in the sense of Theorem 2.1. Then

lim U%(t,5)x = U(t,s)x
Blo

forxeQ,0<s <t < T, and the limit is uniform in te[s, T].

Proor. We assume, in the proof, that the operators satisfy (C.2). (The proof
for (C.1) is the same and we could even allow a mixture of (C.1) and (C.2).) The
idea of the proof is simple. For each f, let Pf_k(s)x be defined as in (2.11). By
Theorem 2.1, U(t,s)x = lim,,, Pl—gnn (s)x for each B, while limy,, PZ (s)x
= P, ,(s)x follows at once from our assumptions. The argument below is thus
to show that we may exchange the order of limits in the iterated expression

lim, ., limg,o Ph_ ) mu(8)x.
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Since (C.2) is satisfied uniformly in §, the proof of Theorem 2.1 and Proposition
2.5 show

(4.2) lim | U%t,8)z — Pl n.(5)z]| = 0

n—+x

holds for 0 £ 8 <1, zeD;. Moreover, given R >0, (4.2) holds uniformly on
any set of [s,1, §, z] which satisfy

(4.3) zeDy, [z| R, | 4%0)z| SR, 0<s=<t<T

We shall now show that if xe(NgsoD0;) ND is fixed then there is a positive
function fy(4) such that

{[5.,B,2]: 0Ss St S T,0 < B < Bo(A), z = JHO)x}

satisfies (4.3) for some R > 0. Indeed, since J4(0)x — J,(0)x and x € D, there is an
R >0 and a function f4(A) > 0 such that if 0 <1 <, and 0 < § < 4(4), then

|4*)J50)x| < | 4%0x || < | 471 0x - )|

@4 < (| 40)x | + 1) (1 - Agw) (| AO)x| + 1) S R
and

(4.5) | 7:0x] < R.

Now

[ U, 5)x— U, s)x | € || U(,5)x = UP(t,9)75(0)x |
+ | UP(,)J50)% — P— omn($)T2(0)x |
+ [ Pl )THO0X — Pl a9 |
+ || Pz % = Pium gy x| + | Pagman(8)x — U1, 9)x |

Numbering the terms on the right above (1)~(5) in their order of appearance we

have

- t— or o
46 @O+ §(e"’(’ 94 (1 - (75)0)) ) I F50)x — x| < 3¢°AR
for all n large enough and 0 < B < fo(2). Here we used (4.4). Next, given ¢ >0
the uniformity of (4.2) as discussed there and (4.4), (4.5) show that there is an ng

such that

%)) (2) + (5) < &/3 for 0 < B < Bo(A), n = ng.
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The remaining term (4) tends to zero as f§ — 0 for fixed n. Thus we proceed as
follows; given & > 0 choose A such that 3¢®1R < ¢/3. Then pick n, such that
(4.6) and (4.7) are satisfied for n = ny, and 0 < f < fy(4). For n = ny, we then
have (1) + (2) + (3) + (5) £ (2/3)e provided only that 0 < f < ,(1). Now there
is a B;, 0 < B, < Bo(L) (depending on t,s,n,) such that (4) <¢/3 if n = n, and
0<f < B, Hence

n U%(t,s)x — U(t,s)x H <eg

if 0 < B < B;. This proves limg._,, U”(t,s)x = U(t,s)x for fixed t,5, 0 <s<t<T
and x € Q. To show the limit is uniform in te s, T], let 0 < s < ¢ £ Tand consider

“ U”(t,s)x— U(t,s)xn < “ Uk(t,5)x — Uk(t,5)J50)x H
+ | U, s)IHO0)x — UP(z,)I50)x | + || UP(z,5)7%(0)x
— U, s)xH + u Uz, s)x—U(t, 5)x “ + H U(z,s)x — U(t,s)x H
2| HOx—x || + K p(|t = <]) + | Uz, )x — U(z, 5)x |

where we used Proposition 2.1.We require the fact that K can be taken to beinde-
pendent of 4, § provided 0< f < () so that (4.4) holds. Then, using (4.4) we have

n U%(t,5)x — U(t,5)x H <2¢°TiR + Kp(| t— tl) + H UP(z,5)x — U(t,s)x H
if 0 < B < Bo(A). It follows at once that if lim,,, B,=0, lim,_t, =17, then
lim,,_,wU” *(t,,8)x = U(t, s)x, completing the proof for x € Q. Since each U”(t, s) has
e®Tas a Lipschitz constant, the result for x € Q follows from a limiting procedure,

and the proof is complete.
We show next that if A(#) satisfies the conditions of Theorem 2.1, with (A.3

strengthened to
(A9 R(I + 24(1)) oconvD for 0<A<i,, 05t T,

where conv D is the convex hull of D, then the operators A%(f) = Ay(t) = =1
(I— Jg(t)) satisfy the requirements of Theorem 4.1. We will see that Ut s)x is a
continuously differentiable function of ¢ for x € D in this case, so it will follow that
U(t,s) is the limit of C* evolution operators.

LemMA 4.1, Let A(?) satisfy (A.1), (A.2),(A.4) and satisfy (C.2) (respectively,
C.1). Then Ai i) e A(w(1 — fw)~1) for 0 < B < Ay. Moreover, the restriction of
A1) to C = conv D satisfies (C.2) (respectively (C.1)) uniformly in B, 0 < § < 4,

and
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R(I+24,(0]0)>C
fO< B <l 0<i, ol —fo)yt<l.

ProoF. Lemma 1.2 (iii) shows A4,(f) € #/(w(1 — pw)~"'). The assumption (A.4)
implies D(A44(1)) 2 C, so the restriction of Ay(t) to C certainly satisfies (A.2).
A slight change in the proof of Lemma 3.2 (and replacing D(A(t)) by D(A(t)) in the
assumptions), shows that if A(f) satisfies (C.2) so does A(f) with the same p and a
slightly modified L. The case (C.1) is dealt with similarly. It remains to show that
given xeC the equation y + A4y(f)y = x has a solution yeC for 0 <1 and
Jo(1 — pw)~* < 1. This last equation is equivalent to y =y (y), where

A
b0 = i + O

However, ¥,.: C - C and y,, is a strict contraction if Aw(1 — fw)~* < 1. The proof
is complete.

LEMMA 4.2. Let A(t) satisfy the conditions of Lemma 4.1 and let U%(1,s)
(respectively U(t,s)) be the evolution operator corresponding to Agt) on C
respectively A(t) on D). Then

lim U%(t,5)x = U(1,5)x
Blo

for every x €D and the limit is uniform int, fors St < T.

Proor. We verify the conditions of Theorem 4.1 with 4%(f) = AB(t)lc. In view
of Lemma 4.1 we need only shaw limy,J5()x = J()x for xeD, 0 < 1 < 1,,
where J3(1) = (I + AA,(1))~*x. This is an immediate consequence of the identity

(4.8) Jg(t)x = Jous(X + BA; 4 5(Dx
and the continuity of J,(f)x (and hence of 4,(#)x) in 4 for 0 < A < 4,. Both (4.8)

and the continuity follow from the resolvent identity (1.1). We verify (4.8). By
definition,

Jaeg(O)x + BA; 1 5(Dx = F:A_—AJ“ﬁ(t)x + I—f-_ﬁx'

Now,

(I + 2A44(1) [, 4p(0x + BA; 1 5(O)x]
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by the resolvent identity, and this last equality if equivalent to (4.8) since
(I + 24,4(t)) is one-to-one for Aw(1 — fw)~1 < 1. The proof is complete.
Since Ay(f)x is continuous in ¢ and is Lipschitz continuous in x (see Lemma 1.2

and Lemma 4.1)

{d‘zz(t) + A(H)ug(t)=0 s<t<T

ug(s)=x

has a unique classical solution for xeC. If C = X this is well-known, and it
follows from the results of [8] in our situation. Theorem 3.1 implies U%(t,s)x
= u,(t), s0 Uﬁ(t,s)x is continuously differentiable in ¢. Thus, U(t,s) =lim,,
U¥(,s) is the strong limit of C* evolution operators.

5. The quasi-autonomous equation

We call an initial-value problem of the form

du
CBY {7{+Au5f(t) SStST
u(S)=x

quasi-autonomous. Here A is t-independent and f:[0, 7] — X is single-valued.
The results of Section 2 and 3 may be applied to the study of (5.1), as the next
lemma shows.

LemMAa 5.1. Let Aedl(w), f:[0,T]—-X. Let A(t)=A-f(1), J, (D
=T+ AA@®)Y, J,=I +214)"*, 0< 1 and Aw < 1. Then xeD(J\(t)) if and
only if x — Af(t)e D(J,). Moreover J)(t)x = J(x — Af(t)) for x € D(J (1)) and

(5.2) [ 7:0x — Ju@x | < A1 = 20)= || £(5) ~ F(D) |
for x e D(J(t)) N\ D(J (7).

Proor. The assertions follow at once from the definitions and the identity

Ji(Ox = Jo(x — Af(1)).
The conditions (A.1), (A.2) are automatically satisfied by A(f) =4 — f(¥) if
A e (), while (A.3) becomes

R( + 1A()) = RU + AA) — Af(t) 2 D(A(t)) = D(4)

or

(5.3) R(I + 24) 2 (DA + Af(1)) 0<A<iy
T

0<tis
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If f is continuous, then A(f) = A — f(¢) satisfies (C.1) due to (5.2). If f is also of
bounded variation, then A(?) also satisfies (C.2). Finally, it is also clear that A(t)
satisfies condition (ii) of Theorem 3.2 if f is continuous. We have then, as a con-
sequence of Theorem 2.1, Proposition 2.4, Theorems 3.1, 3.2 and 3.4, the following
result:

THEOREM 5.1. Let A€ o/(w) satisfy (5.3), where f:[0,T] - X is continuous.
Then

() Uts)x = lim [] (1+t_s (A—f(s+i(t“s))-1x

noo Q=1 n n

exists for xe D(A) and 0 < s < t < T. Moreover, U(t,s) is an evolution operator
on D(A).

(ii) If xe D(A) and u is a strong solution of (5.1), then u(t) = U(t,s)x.

(iii) If f is of bounded variation, then U(t,s) leaves D(A) invariant and
U(t,s)x is Lipschitz continuous in t for x e D(A).

@iv) If f is of bounded variation, A is closed and X is reflexive, then U(t,s)x
is a strong solution of (5.1) for x € D(A).

Theorem 5.1 (iv) extends an existence theorem of Kato [15] for quasi-auto-
nomous equations. See also [3]. If all the requirements of (iv) do not hold,
U(t,s)x provides a notion of a weak or generalized solution of (5.1). It turns out
that by using continuity of U(t,s) as a function of fe I*([0, T]: X) this notion
can be extended further.

LemMma 5.2. Let g, h:[0,T] > X be two continuous functions and Ae /()
such that (5.3) is satisfied with f = g and f = h. Let Uy, U, be the evolution opera-
tors associated with A — h(t), A — g(t) respectively. Then

t

(5.4 ” Ug(t, s)x — Uyt s)x “ < f )

§

g(t) — h(v) “ dr
for 0 <s<t £T, XED—@.

Proor. Setting

|

i

ai

ﬁ T+XMA-g(s+iD))"1x— ﬁ I+ XA — h(s + i)~ x
i=1 i=1

i

Jl(kfl1 (I + XA —g(s + i)~ 1x + Ag(s + kﬂ.))

i=1

k—1
. Jl(~=1 (I + (A — h(s + i2))~Lx + Ah(s + k/l))” ,

1



Vol. 11, 1972 EVOLUTION EQUATIONS 85

we find that

a S (1= o) Nae—y + A g(s + kA) — h(s + k2 |)
and

a, < T (1 =2y g(s +j2) — h(s +jA) |
j=t
Set 4 = (t — s)/n above and let n — o to complete the proof. (The evaluation of

the limit is elementary.)
Following Brezis and Benilan [1], we make the following definition:

DEFINITION 5.1. Let A € &/(w) and ge L}([0, T]: X). Assume there is a sequence
{f.} of continuous functions mapping [0, T] to X such that (5.3) is satisfied
with f=f,n=1,2,--- and

T
(5.5) lim J | &() = f,(0) | dz = 0.
n—w 0
Let U,(t,s) be the evolution operator associated with A — f,(¢). Then
(5.6) U(t,s)x = lim ULt,s)x for xeD(4)
| Sudle o}

is the evolution operator associated with A — g(?).

The existence of the limit (5.6) under the condition (5.5), as well as the fact that
U is an evolution operator, follows at once from Lemma 5.2. Results analogous to
Proposition 2.4, Theorems 3.1, and 3.4 can be established for evolution operators
defined as above. We record only the following generalization of a result of [1].

LeMMA 5.3. Let Aeo/(w), geIN([0,T]: X) satisfy the conditions of Def-
inition 5.1, and let U(t,s) be the evolution operator associated with A(f)= A
— g(®). If, xe D(A), [x0, yo]€ A, 0 S s £r £t £ Tand £* € F(xy — U(r,5)x), then

5.7 (U(r,s)x — U(t,5)x, &%)

=< j‘t <Yo - g(‘C) + w(xo - U(‘C’ s)x), Xo — U(Ta S)X)Sd‘f.

r

ProoF. Let {f,} be the sequence in Definition 5.1 and U,(t,s) the associated
evolution operators. The inequality (3.8) may be used here with y(1) = y, — f(7)
to conclude, upon reparametrizing,

(Z - U,,(t, r)z’é*) éjt <.VO —fn(r) + CO(xo - Un(T’ ")Z),xo - Un(T9 T)Z>s dr
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for all ze D(A) and &* € F(xo — 2). Set z = U(r,s)x and let n— oo to obtain the
result, The passage to the limit is justified since U,(t,r)z - U(t,r)z uniformly,
S(t) > g(7) in L' and ¢, ), is Lipschitz continuous in its first argument as well as
upper semicontinuous in both arguments.

6. Periodic solutions
In this section we are interested in the problem

du
{Tt + A(Hu 30

u(0) = u(T)

(6.1)

in which the initial condition u(s) = x is replaced by the “periodicity’’ condition
#(0) = w(T). The main result is:

THEOREM 6.1. Let @ <0 and A(t)e #(w) for 0 <t < T. Further, let A(t)
satisfy (A.1) to (A.3) and (C.1), where f is of bounded variation. Let U(t,s) be
the evolution operator associated with A(f) in the sense of Theorem 2.1. Then
there is a unique x,€D such that U(T,0)x, = x,. Moreover, x,€D.

Before proving Theorem 6.1, we note that it and Theorem 3.4 imply:

COROLLARY 6.1. In addition to the conditions of Theorem 6.1, let A(t) be
closed for each t and let X be reflexive. Then (6.1) has the unique strong solution
u(t) = U(t,0)xy, where U(T,0)x, = x,.

Note that if A(f) is defined for all t and periodic of period T, then U(t,0)x, is

periodic of period T. Corollary 6.1 extends a similar result of [3] concerning the
quasi-autonomous case in Hilbert space. See also [1].

PROOF OF THEOREM 6.1. Since A(f) € (),

| U(T,0x — U(T,0)y | <e®||x—y| for x,yeD.

Since w < 0, ¢*T < 1 and U(T,0) has a unique fixed point x, € D. Similarly

n T ) T -1
P = [T (144 (’7))

has (1—wt/n)~" < 1 as a Lipschitz constant, and has a unique fixed point x, €D,
Now
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(6.2) lim Pr,,.xq = U(T,0)xo = X,
and
Ixe= %ol = | Prmw*a = %o || | Prima¥s = Prjmao | + | Prima¥o — %o |

IA

-

=5l = (1= (1= 25) ) [ Prwavo = 50l

80 letting n — oo and using (6.2), we have

(6.3) lim || x, — xo || =0.

,xo—xoll,

or

In order to show x, € D, it is sufficient (by Lemma 1.4 and (6.3)) to show | A(T)x,|

is bounded. Let
’A ( )Pm X

for 1 £1 £ n. We have, via Lemma 1.3,

() ()
‘AT,,, ( ZT)PT/,,z 1 X (1 - a)_T)"l IA( )PT/n,l—lxn]
(1 - an) {“t—l + L(| Prjpi-1x,|) ”f (L:‘) -f ((l —nl)T)”}'

Since x, > xq by (6.3), “ Prjyi-1%, ” is bounded. Thus, for a suitable K,

o (] el () (052

This implies, since fis of bounded variation,

T ~n
ané(l—Vﬂ)) a0+K1

for another constant K,. Hence

a;

IIA

(6.4) |A(T)x,| < (1 - -il a;)—"[ A(O)x,| + K.
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But, by (2.3),
(6.5) | 4(0)x, | < | A(T)x,| + K,
for a constant K,. Since [ A(T )xn] < 00 (x, = Prj.n%. € D(A(T))), (6.4) and (6.5)

give
| A(T)x,| < (1 - (1 - Zl;w) —n)_lConst.

and it follows that

lim sup | A(T)x, | < .

n-w

The proof is complete.

7. An example

In this section we give a simple example to which the preceding theory applies.
This example is multivalued but not quasi-autonomous, so the results of [14],
[15] and [3] do not apply directly.

Let Q be a bounded domain in R* with a smooth boundary 0Q and let
H™(Q), Hy(Q) be the usual Sobolev spaces. Let f(f) c R x R be a maximal
monotone set in R x R for each t = 0 (equivalently, B(¢) € &(0) and R(I + A5(t))
= Rfor 4 >0, ¢t = 0). Assume further that D(8(¢)) = D is independent of ¢ and

(7.1) 0e D(B(t)), 0€p(r)0 for t = 0.
The continuity condition on B will be

(C.3) There is a constant C such that if 05,7, xe D(B(r)) and ye B(f)x, then
there is a we f(r)x such that

(7.2) |y —w| 2 C(t -1 +]|x.
For t 20 we define B(r) = I}(Q) x I*(Q) by
(7.3) B = {[u,v]: u,ve I2(Q) and v(x)e f(Hu(x)a.e.}.

Clearly B(f) is maximal monotone in I2(Q) x I*(Q) (equivalently, j(t) € «/(0) and
R(I + AB(t)) = I2(Q) for 4> 0, t = 0) and D(F(t)) is independent of t. According
to (7.1) we have

(7.4) 0eB(1)0 for t=0.

THEOREM 7.1. Let uy(x)e HYQ) NHYQ) N DB®), and (1.1), (C.3) hold.
Then the initial value problem:
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.

ot
u(t,x)=0 xedQ, t=20

0Oe——— Au + B(Hu in Qx(0, c0)

(1.5)

u(0,x) = uy(x) in Q.

has a unique solution u: [0, ) — I*(Q) which is Lipschitz continuous on bound-
ed subsets of [0, ) and such that u(f)e H* Q)N H é(Q) N D(B(1)) for t 2 0.

Proor. We will apply Theorem 3.4 in the case X = I*(Q). For A(f) we take
A(u = — Au + B(Hu

with D(A()) = H}(Q)NH (I)(Q) N D(B(1)). Clearly A(t) e «(0) for t = 0. Moreover

R(I + 2A(t)) = I2(Q) for A > 0. See [4]. This implies that each A(?) is closed in

Q) x I*(Q). Hence (A.1), (A.2), (A.3) are satisfied by A(t). To use Theorem 3.4

we show (C.1) is satisfied with f of bounded variation (so(C.2)is satisfied). Let
heI*(Q) and

{ul —Mu, +iv,=h v ep()u,
u2 - lAuZ + ivz = h Uy EB(T)uz.

Forming the difference of these equalities, multiplying by u, — u, and integrating

over Q yields
16 Ju =+ 2] (@0 = ra() () — () dx S0
Next, let w: Q— R be such that w(x)e f(H)u,(x) a.e. and

] w(x) — vz(x)l < C| t— ‘c] a+ | uz(x)l) a.e.

The existence of w follows from (C.3). Since f(t) is monotone in R X R, we have

(01(x) = 00 (1(x) = uz(x)) = (v,(x) — W(x) + w(x) — v5(x))(u1(x) — u(x))
Z (W(x) — v(x))(u(x) — ux(x))
2 - CI t— TI 1+ I uz(x)l)(“1(x) - ”2(3‘)'

a.e. in x. Using this in (7.6) yields

IIA

= wo?

ACI t— 1:[ J 1+ qu(x) |)(lu1(x) - uz(x)|)dx
(7.7) @

IIA

A€t = o (u@* + fua (s = w2 .
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where 4 is Lebesgue measure. Finally, u, = J,(c)h, u, = J,(f)h by definition and
Jy(z)0 =0 by (7.4) Hence
[u2]| = [ 7k = Ju0] < | i
and (7.7) yields
(1.8) [ 7.0k = k| < AC|t — 1| (W) + || k).

Thus (C.1) and (C.2) are satisfied. (Observe that weakening (C.3) by putting

|f(#) = f(v)] in place of | t — 7| induces the same alteration in (7.8)). The proof
is complete.

A simple () satisfying all our assumptions is
[-61] ifx=0
BiHx= < {1 +x)} if x>0
{t(x -1} if x<O0.
Since A = — A on D(4) = H(Q) N HQ) belongs to «/( — y,) where iy > 0

is the smallest eigenvalue of — A, we actually have A(f) e #/( — p,) above. Hence
we can apply Corollary 6.1 to obtain periodic solutions of the evolution equation.

THEOREM 7.2. Let T> 0 and the assumptions of Theorem 7.1 hold. Then
the problem

Oeg—l:—Au+B(t)u xeQ, t20
u(t,x)=0 xedQ, t=20

u(0,x) = u(T, x)

has a unique solution u: [0, o) —» I*(Q), which is Lipschitz continuous on bounded
subsets of [0, c0) and satisfies

u(t) e H¥(Q) N Hy(Q) N D(B(1)) for t = 0.
If B(t) has period T, so does u.
Appendix 1
Here we sketch a proof by induction of inequality (2.19) of the text.

LEMMA A. Let m and n be nonnegative integers and a,,, b, be real numbers
for 0k<m,0=1Zn. Let y and « be real numbers such that
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(a.1) A1 S Y- 1,0-1 K- 1+ by,

Jor0<k<m,0<lZn. Then

(m—1)an n n . i—1
Amon é 2 Kn—l'yl( -)am—i:0+ Z ymK’ m( l)ao,n—i
i=0 i i=m m =

(a.2)
n—1 (m—1)Aj L ]
+ Z E K]_lyl( . )bm—im-j'
j=0  i=0 l

Proor. We use the conventions 0° =1, (_ 1) =1 and (_J 1) =01if j=0.

If n =0 (respectively, m = 0) (a.2) asserts a,, o < a,,, (respectively, aq , < ag.,),
which is correct. If m =1, (a.2) says

n n—1
(a.3) a1, SK"ay,0+ 2 y& lag,-; + % Kby,
i=1 j=0
As noted above, (a.3) is correct for n = 0. Assume (a.3) holds for 0<n < N.
Then (a.1) gives

(a.4) Ay, N+1 = V0,8 T KAy y + byns1e

Use the induction assumption to conclude

N
N i—1
ai,v+1 S YAyt K (K ag0 + X ¥ g n—i

i=1

(a.5)
N-1
+ Z K'Jbl,N_j)‘f‘bl,N.'_l

j=0

which is precisely (a.3) for n = N + 1. Hence the lemma is trueif m =0 orn=0
or m = 1. To complete the proof, we assumethelemma istrue if 0 <n < Nand m
is arbitrary. It now suffices to show (a.2) holds if m =2 and n =N + 1. (The

. . ) i—1
reduction to m = 2 eliminates concern over the expressions (m _ 2) below.)

From (a.1) we have, for m = 2,

AuN+1 S V1,8 + Ky + Dpys1-
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Using the induction hypothesis we obtain

{(m—2)AN N
il N
Ay y+1 S [? 2 lyl(l-)am-(i+1)y0

i=0

m=DAN
+ x 'E x""y'(;’)am_,-,o]

i=0
N .
m—i i+1-m i—1
* [y 1=m2—1 ' (m 2)aON—l

(a.6)

N-1 (m=2)aj | o }
+ [’Y X DI '?1( )bm—(i+1)vN—j

i=0  i=0 i
N=1(m-nj j
+ K Z Z Kj—l'yl( -)bm—i»N—j+bn1;N+1:|'
ji=0 i=0 i
Now one checks each of the three terms in brackets above to verify that it agrees
with the corresponding term on the right of (a.2) (with n = N + 1). This is straight-
forward for the first and second terms. The third term may be rewritten as
N (m=2)a(k—-1)+1 k _ 1
bm,N+1 + Z 2 Kk-l'yl (l _1)bm—l.N+1—k

k=1 1=1
N (m=Dak-1) B k-1

+ E E K:k lyl ( I )bnz—l»N+l-k'
k=1 1=0

Note that

(m=DAGk=1) kzm
(m—2)/\(k—1)+1={(m_1)/\(k_1)+1 0<k<m.

Now reading off the coefficient of b,,_; (v ,)-x above, case by case, yields

1=rc""'v'(l;) for I=k=0

Kkt (k;1)=xk'lyl(llc) it 1=0, k>0

KF ((;C:ll)+(kl_1))=xk'ly'(];) if (m—-DAK-1)21>0

and

KEh (;‘: i)=xk"y'(§) if (m=DAk=D+1=I>m-DAKk=-1)

(since then [ =k).
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Each pair of integers k,l such that 0 <1 <(m —1)A k and 0 £ k < N falls into
exactly one of the cases above, and the proof is complete.
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